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We use the methods of Topological Quantum Chemistry to explore the topology of phonons on
time-reversal symmetric crystals with the structure of the planar honeycomb. This approach is not
tied to a particular model of atomic vibrations, but is applied to the most general dynamical matrix
constrained only by the symmetries of the system. We show that four distinct topological phases are
generically possible. Truncating the dynamical matrix to third nearest neighbors yields a model that
realizes the different phonon topologies, characterized by the existence of phononic edge and corner
modes and by Wilson loops with winding numbers one and two. Fitting the dynamical matrix to
the DFT phonon bands shows that graphene is not very far from a topologically nontrivial phase.
Introduction The honeycomb lattice has played an
important role in our understanding of topological states
of matter. The Haldane [1] and Kane-Mele [2, 3] mod-
els have clarified the effects of time-reversal symmetry,
or its absence, on the topology of electron hamiltonians.
For phonons, rotating honeycomb lattices [4–6] where the
Coriolis force plays the role of a magnetic field and gy-
roscopic phononic crystals [7] have been used to study
the existence of nontrivial phonon topology in the ab-
sence of time-reversal symmetry. More recently, topo-
logical phonons have been reported on the valley-mixing
Kekule´ deformation of the honeycomb lattice [8].
The methods of Topological Quantum Chemistry
(TQC) [9], which provide a reliable and systematic way to
predict all the topologically nontrivial phases consistent
with a given crystal structure [10], have been used to un-
cover thousands of new materials with nontrivial electron
band topology [11]. But the methods of TQC have not,
to the best of our knowledge, been applied to the search
for nontrivial topology in phonon spectra [12–21]. In this
letter we adapt the methods of TCQ to the analysis of
phonon bands, and use them to unveil the existence of
four previously unknown topological phases on the time-
reversal symmetric planar honeycomb. These phases are
characterized by the existence of edge and corner phonon
modes and nontrivial windings in the Wilson line spectra.
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FIG. 1. Direct and reciprocal lattice basis vectors.
Elementary band representations and band topology
One key concept in the TQC framework is that of (el-
ementary) band representations [22–24]. Roughly speak-
ing, a band representation describes how the set of
atomic orbitals in a crystal transform under the sym-
metry operations of the space group of the crystal. As
the number of atoms in an ideal crystal is infinite, a
band representation is an infinite dimensional represen-
tation of the space group. The Bloch-wave combinations∑
R exp(ik ·R)φi(r−R) of atomic orbitals [25] trans-
form according to a representation of the little group
Gk [26]. Thus a band representation induces little
group representations at all the points in the Brillouin
zone (BZ).
A band representation that can not be written as the
sum of two band representations is an elementary band
representation (EBR). With some exceptions that are
well understood and tabulated [24, 27], an EBR is gener-
ated from a set of orbitals that transform under an irre-
ducible representation (irrep) D of the local site symme-
try group Gw of a maximal symmetry Wyckoff position
(WP) w. The corresponding EBR is denoted by D ↑ G|w.
Any band representation is either elementary or can
be written as a sum of EBRs. If a subset of bands is
separated by a gap from the other bands and does not
transform as a band representation, then the subset does
not have an atomic limit and is topologically nontriv-
ial [9]. This gives an efficient method to identify topo-
logically nontrival subsets of bands. In practical terms,
one considers the irreps describing the transformation of
the subset of bands at the high symmetry points in the
Brillouin zone. If the collection of little group irreps can
not be obtained from a sum of EBRs, then the subset
of bands has nontrivial topology. This method will be
applied below to the phonon bands of the honeycomb.
Band representations for phonons The concept of
band representation is easily extended to the atomic vi-
brations of a crystal [28, 29]. Instead of atomic orbitals,
one considers the set of vectors giving the displacements
from equilibrium of all the atoms in the crystal and their
transformation properties. This defines the “mechanical”
band representation. Intuitively, the mechanical band
representation can be understood as an electron band
representation with (spinless) p-orbitals, since p-orbitals,
like atomic displacements, transform according to the
“vector” representation V [26]. Thus the mechanical
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2band representation M is induced from the vector rep-
resentation at each occupied Wyckoff position w in the
crystal i.e., M =
∑
w V ↑ G|w.
An important difference between electron and phonon
band representations concerns the number of degrees
of freedom and their location. Electronic orbitals are
functions defined throughout space, and we can consider
many orbitals in an atom, while an atomic displacement
is described just by a single vector at the atom location.
As a consequence, the number of phonon bands is equal
to three times the number of atoms in the primitive unit
cell. Another property of phonon bands without parallel
in electrons is the existence of three acoustic bands, that
must satisfy the constraint limk→0 ω(k) = 0. The acous-
tic modes at k = 0 represent uniform translations t of all
the atoms in the crystal and transform according to the
vector representation V .
Mechanical band representation for the planar hon-
eycomb The layer group for the planar honeycomb is
LG 80, which corresponds to the space group SG 191
(P6/mmm). In-plane (x, y) and off-plane (z) vibrations
of the lattice are respectively even and odd under reflec-
tions on the horizontal mirror plane, and decouple in the
harmonic approximation. Thus, for practical purposes,
it is sufficient and simpler to consider the subgroup SG
183 (P6mm), while treating in-plane and off-plane vi-
brations separately. The atoms in the honeycomb lattice
are at the Wyckoff position 2b, with site symmetry group
isomorphic to the point group 3m (C3v). The vector rep-
resentation for 3m is reducible, V = A1(z)+E(x, y) [26].
This implies that the mechanical band representation can
be written as the sum of two EBRs induced respectively
from A1 and E at 2b, i.e., M = A1 ↑ G|2b + E ↑ G|2b,
that describe the transformation properties of the two
off-plane and four in-plane bands.
The Bilbao Chrystallographic Server (BCS) [30, 31]
gives the irreps induced by any EBR at the high symme-
try points in the BZ, and also tells whether the EBR is
decomposable [32, 33]. An EBR is decomposable if the
corresponding band can be split into two sets separated
by a gap. It is known that a split EBR always gives rise to
a topologically nontrivial phase [9, 34, 35]. According to
the BCS, M = A1 ↑ G|2b is indecomposable [36]. On the
other hand, E ↑ G|2b is decomposable and, as a conse-
quence, the four in-plane bands can split into two discon-
nected sets. Table I gives, for all the subsets consistent
with the compatibility relations, the irreps at the three
high symmetry points in the BZ. The acoustic branches
are identified by noting that the vector representation at
the Γ point is given by V = Γ1(z)+Γ6(x, y) and therefore
Γ6 is associated with uniform in-plane translations.
The next step is to determine which of the branches
in Table I can transform as band representations. To
this end, we try to obtain sums of EBRs that induce the
same little group irreps at the high symmetry points in
the BZ. It turns out that this is possible only for the
Phase Acoustic branch Optical branch
Ia Γ6;K1 +K2;M1 +M2 Γ5;K3;M3 +M4
Ib Γ6;K3;M1 +M2 Γ5;K1 +K2;M3 +M4
IIa Γ6;K1 +K2;M3 +M4 Γ5;K3;M1 +M2
IIb Γ6;K3;M3 +M4 Γ5;K1 +K2;M1 +M2
TABLE I. Irreps at the three high symmetry points in the
BZ. All irreps are 1-dimensional, except for Γ5, Γ6 and K3,
which are 2-dimensional.
optical branch of phase IIa and the acoustic branch of
IIb. As shown in Table II, in order to obtain the irreps
of the remaining branches we must subtract some EBRs.
This means that only the optical branch of phase IIa and
the acoustic branch of IIb may transform as band rep-
resentations, whereas the remaining six branches must
be topologically nontrivial. This is consistent with the
general result that says that, when a set of bands trans-
forming as an EBR splits, at least one of the resulting
subsets of bands must have nontrivial topology [34, 37].
The negative coefficients in Table II are indicators of frag-
ile topology [34, 38]. See however the comments at the
end of this letter.
Phase Acoustic branch Optical branch
Ia A1 ↑ G|1a −A1 ↑ G|2b +B2 ↑ G|3c A1 ↑ G|3c −A1 ↑ G|1a
Ib B1 ↑ G|3c −B2 ↑ G|1a B1 ↑ G|1a + E ↑ G|2b −B2 ↑ G|3c
IIa E ↑ G|2b − E2 ↑ G|1a E2 ↑ G|1a
IIb E1 ↑ G|1a E ↑ G|2b − E1 ↑ G|1a
TABLE II. Combinations of EBRs that reproduce the irreps at the high symmetry points for the eight branches in Table I.
Note that these combinations are in general non-unique.
The different phases in Table I are associated with the or-
dering of the phonon frequencies at points K and M . For
example, in order to obtain phase Ia, ω(K1) and ω(K2)
must be lower than ω(K3), and ω(M1) and ω(M2) must
also be lower than ω(M3) and ω(M4). This must be so in
order to avoid band crossings between the two subsets,
3as such band crossings would cause the subsets to recon-
nect [32]. For that reason, whenever ω(K3) is between
ω(K1) and ω(K2), the four bands are interconnected and
we are in a topologically trivial phase. The frequencies at
different points in the BZ are obtained by diagonalizing
the dynamical matrix [39].
Dynamical matrix for in-plane modes The harmonic
potential energy can be written as U = 1/2
∑
i,j r
t
iUijrj ,
where i, j run over all the atoms [40] in the lattice,
ri = (xi, yi) is the displacement of atom i from equi-
librium and Uij = U
t
ji is the matrix of force constants
between atoms i and j. Assuming that the atoms
i, j are nth-nearest neighbors, the 2 × 2 matrix Uij is
parametrized by four real coefficients (an, bn, cn, dn), of-
ten with a single set of coefficients for all nth-neighbor
pairs. As explained in the Supplemental Material (SM),
some of these coefficients may be forced to vanish by the
symmetries of the lattice.
Fourier transforming Uij yields the dynamical matrix,
which is given in Eq. (S10) with up to third nearest neigh-
bor interactions. As shown in the SM, in order to de-
scribe a topological phase the following two necessary
conditions must be simultaneously satisfied
2
√
3|d2| > |b1 + b3| (1)
|a1 − 3a3| > Max{2|b1|, 4|b2|}. (2)
If either condition fails to be satisfied, we will be in
a topologically trivial phase where all four bands are
interconnected. When both conditions are satisfied,
the concrete phase is given by: Ia (d2 < 0, a1 < 3a3),
Ib (d2 > 0, a1 < 3a3), IIa (d2 < 0, a1 > 3a3), and
IIb (d2 > 0, a1 > 3a3). This implies that phases Ia and Ib
can be modeled by a dynamical matrix including up to
second nearest neighbors, whereas third nearest neigh-
bor interactions are required to obtain phases IIa and
IIb. Note that, unlike the hamiltonian H(k) for electron
bands, the dynamical matrix has to satisfy several sta-
bility conditions to prevent the existence of imaginary
phonon frequencies. For instance, imposing ω2(Γ) > 0
requires a1 + a3 < 0.
Wilson loop winding and symmetries Winding in the
Wilson loop (WL) spectrum for a subset of isolated bands
is a topological invariant. A winding that can not be
eliminated by any perturbation that respects the symme-
tries of the system and does not close a gap guarantees
that the subset of bands has nontrivial topology. We will
consider a g1-directed Wilson loop [41–45] defined by
W (k2) ≡ Pei
∫ 2pi
0
dk1A1(k1,k2), (3)
where P indicates that the integral is path-ordered and
A1(k)ij = i〈ui(k)|∂k1uj(k)〉 is the non-abelian Berry po-
tential built from the normal modes ui(k) of a subset of
isolated bands. We take k1 along g1 (see Fig. 1) and
k2 along g2. The eigenvalues of W (k2) are of the form
e2piix1(k2), where x1(k2) is the position of the center of a
hybrid Wannier function [46, 47] along e1. As the base-
point moves along the k2-axis from Γ to M and back to Γ,
the Wannier centers move along the 1-dimensional unit
cell, as shown in Fig. 2.
K M
   
0
2
4
6
 
2  
 Phonon bands 
M
1.0
0.5
0.0
0.5
1.0
W
an
ni
er
 c
en
te
r a
lo
ng
 e
1
Wilson loops
K M
   
0
2
4
6
8
 
2  
 Phonon bands 
M
1.0
0.5
0.0
0.5
1.0
W
an
ni
er
 c
en
te
r a
lo
ng
 e
1
Wilson loops
FIG. 2. Phonon bands (left) and Wannier centers for the
acoustic bands (right). Top: a1 = −1, a3 = −0.15, b1 = −0.2,
d2 = 0.2, a2 = b2 = b3 = 0 (Phase Ib). Bottom: a1 = −1,
a3 = −0.5, b1 = −0.2, d2 = 0.2, a2 = b2 = b3 = 0 (Phase IIb)
According to Table II, all the branches but the optical
one of phase IIa and the acoustic one of IIb are nec-
essarily topological, as they do not transform as band
representations. On the other hand, the irreps of the op-
tical branch of phase IIa and the acoustic branch of IIb
at the high symmetry points of the BZ are such that they
might transform according to band representations and
could be trivial. However, as shown in Fig. 2, the WL
of the acoustic branch of IIb has winding number two,
which implies that the branch has nontrivial topology.
In fact, we find that the WLs of all eight branches in Ta-
ble II have non-zero winding numbers, equal to one for
phases Ia and Ib, and two for IIa and IIb. In other words,
there are no trivial bands in the topological phases of this
phonon system.
The windings of the WLs can be understood from
the C2z-eigenvalues of the normal modes at the two
C2z-invariant points, Γ and M . As shown in the SM,
the eigenvalues are +1 for Γ5, M1 and M2, and −1 for
Γ6, M3 and M4. Comparing with Table I, we see that
the two bands in each branch of phases Ia and Ib have
the same C2z-eigenvalues at the Γ-point, and opposite to
those at the M point. The converse is true for phases IIa
and IIb, where the C2z-eigenvalues at the Γ and M points
are equal. Having opposite C2z-eigenvalues at Γ and M
forces the Wilson bands to wind, while having the same
eigenvalues is compatible with zero or, more generally,
even winding numbers [48]. The crossings at generic k2
and Wannier center x1 = ±1/2 in Fig. 2 are protected by
4C2zT invariance [35, 37, 49], where T is the time-reversal
operation. A more involved analysis including the role of
the C3z-rotation symmetry [35, 37, 49] shows that the
allowed WL winding numbers are of the form 3n ± 1
(n ∈ Z), see the SM for details. Thus zero winding is
excluded, which explains the absence of trivial bands in
the topological phases of this system.
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FIG. 3. Phonon edge modes. Top left: a1 = −1, b1 = 0.05,
d2 = 0.2, a2 = a3 = b2 = b3 = 0 (Phase Ib). Top right:
a1 = −1, a3 = −0.6, b1 = 0.05, d2 = 0.2, a2 = b2 = b3 = 0
(Phase IIb). Botton: close-ups of the gaps.
Edge and corner modes In order to compute the edge
modes we have imposed periodic boundary conditions in
the x-direction (along e1 in Fig 1) and open boundary
conditions on the two zig-zag edges. The results are pre-
sented in Fig 3, where kx goes from 0 to 2pi. The edge
spectrum in phase Ib (IIb) is qualitatively identical to
the spectrum in phase Ia (IIa). The edge modes present
several peculiarities. First of all, besides the usual gap-
crossing ‘optical’ edge modes, there are also ‘acoustic’
edge modes below the bulk acoustic branch. Secondly,
the edge mode spectrum is gapped, as shown in the
close-ups in Fig 3. This is typical of topologically fragile
phases [38], and is consistent with the negative coeffi-
cients in the linear combinations of EBRs in Table II.
Notice also that the edge mode spectrum is more com-
plicated in the IIa and IIb phases, possibly reflecting the
winding number two in the Wilson line spectrum. Lastly,
there are also corner modes, as shown in Fig 4. This is
again to be expected in topologically fragile phases, and
is considered a signature of higher order topology [50–53].
The corner modes in Fig 4 have been computed for a
parallelogram cut along the unit vectors in Fig 1, with 40
unit cells per side and open boundary conditions along
the resulting zig-zag edges. The corner modes appear
at the 60 degree angles. For different values of the pa-
rameters we have also observed additional corner modes
at the 120 degree angles, sometimes buried in the con-
tinuum spectrum. The slow damping rate of the corner
modes along the edges is a reflection of the smallness of
the gap in the edge mode spectrum.
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FIG. 4. Phononic corner modes for a1 = −1, b1 = 0.05,
d2 = 0.2, a2 = a3 = b2 = b3 = 0 (Phase Ib). Top: Oscillation
amplitudes for the corner modes. Botton left: Phonon DOS.
Botton right: DOS of the bulk gap, with arrowed degenerate
corner modes.
Material realization The four in-plane phonon bands
in graphene are interconnected and the spectrum is topo-
logically trivial. However, fitting the DFT spectrum to
our third nearest neighbor dynamical matrix shows that
graphene is not too far from having a topologically non-
trivial phonon spectrum. Concretely, we show in the SM
that topological Phase Ia can be reached by changing the
values of b1, d2 and b3 in actual graphene by about 50%.
As force constants may be varied, for instance, by apply-
ing strain, the possibility of finding topological phonon
phases in suitably engineered graphene or in other 2-d
materials with the honeycomb structure can not be dis-
carded a priori.
Discussion The results reported in this letter show
that the methods of TQC can be adapted to a system-
atic search for topologically non-trivial phonons, with the
crystal structure as input data. There are, however, some
open questions for the future. One is the precise defini-
tion of fragile topology for phonons. When the irreps
of an isolated subset of bands can be obtained as a dif-
ference BR1 − BR2 of band representations, the addi-
tion of a trivial band that transforms according to BR2
‘trivializes’ the fragile topology [38]. In the case of elec-
trons, the states transforming as BR2 can, in principle,
be found in the crystal, maybe as core orbitals deep in the
valence bands, maybe forming high energy conduction
bands. Obviously this is not the case for phonons, where
the number of bands is limited by the crystal structure.
Another question is the possible connectivity constraints
derived from the existence of acoustic bands. This prob-
lem does not arise in graphene, where in- and off-plane
modes decouple, but may be an issue with other systems.
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Supplemental Material for Fragile Phonon Topology on the Time-Reversal Symmetric
Honeycomb
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S1. PARAMETRIZATION OF THE
DYNAMICAL MATRIX
The symmetry constraints on the matrix of force con-
stants for the planar honeycomb have been considered in
Ref. 1. For the sake a completeness and to set the nota-
tion we give here a brief summary of the analysis for the
in-plane modes that, according to the main text, are the
ones that can exhibit nontrivial topology. The harmonic
potential energy for the in-plane modes is given by
U =
1
2
∑
i,j
rtiUijrj , (S1)
where i, j run over all the atoms2 in the lattice,
ri = (xi, yi) is the displacement of atom i from equilib-
rium and Uij = U
t
ji is the matrix of force constants be-
tween atoms i and j.
Assuming i, j are nth-nearest neighbors, the 2 × 2
matrix Uij is parametrized by four real coefficients
(an, bn, cn, dn). Pick one nth-nearest neighbor j to the
atom i and parametrize Uij as
Uij =
(
an + bn −cn − dn
−cn + dn an − bn
)
, (S2)
where the parameters are real by time reversal symmetry.
Then, if (i′j′) is another pair of nth-nearest neighbors
such that di′j′ = V (g)dij , where V (g) is the vector rep-
resentation for the symmetry operation g that transforms
ij into i′j′, we will have
Ui′j′ = V (g)UijV (g)
−1. (S3)
1 2 3 4 5 6 7
a1 a2 a3 a4 a5 a6 a7
b1 b2 b3 b4 b5 b6 b7
− − − c4 − − c7
− d2 − d4 − d6 d7
TABLE S1. Non-vanishing coefficients parametrizing
the harmonic potential between nth-nearest neighbors for
n = 1, . . . , 7.
If the number of nth-nearest neighbors is sufficiently
large, we may have several subsets of pairs (ij) unrelated
by symmetry. In that case we would need more that one
set of parameters (an, bn, cn, dn). For the honeycomb lat-
tice this will happen whenever the number of nth-nearest
neighbors is greater than 12, which is the number of ele-
ments in 6mmm. On the other hand, the number of in-
dependent parameters for given n may be less that four.
This happens if the two atoms (i, j) are left invariant (ex-
changed) by a symmetry element g, since then Eq. (S3)
(combined with Uij = U
t
ji) becomes a constraint. For
the honeycomb lattice, one possibility is to have a mir-
ror m‖ along the link dij . Assuming for simplicity that
d12 = d12xˆ, under the action of m‖ (xi, yi) → (xi,−yi)
for i = 1, 2. This implies cn = dn = 0. Another
possibility is to have a mirror m⊥ perpendicular to dij
through the midpoint of the link. This exchanges the
two atoms and reverses the x components of the dis-
placements, which implies cn = 0. The effect of these
constraints is summarized in Table S1 for n up to seven.
It is important to realize that, in order to impose a con-
straint, the parallel mirror m‖ has to pass through the
two atoms. A mirror plane that is parallel to dij but
does not go through ij does not impose any constraint
on Uij ; it merely relates Ui′j′ to Uij , where (i
′j′) are the
images of (ij) by the mirror plane. Failing to appreciate
this point would lead us to set d2 = 0, as in Ref. 1.
These are the only possible constraints on the planar
honeycomb lattice for i 6= j. For i = j, the C3z invari-
ance about each atom implies Uii = a01 . Note, how-
ever, that a0 is not an independent parameter, due to
the global translation invariance of the crystal, which
implies
∑
j Uij = 0. This guarantees that atom i does
not experience any force when all the atoms in the crys-
tal are given a uniform displacement ri = t and is be-
hind the existence of acoustic phonon branches. This
is a peculiarity of phonon dynamics without analog in
electron hamiltonians, where on-site energies are inde-
pendent parameters. For the planar honeycomb lattice,
as a the result of global translation invariance, we have
a0 = −3a1 − 6a2 − 3a3 − . . .
In what follows it will be convenient to make a change
of coordinates from linear to circular polarizations
ξ =
1√
2
(x+ iy) , ξ¯ =
1√
2
(x− iy). (S4)
In these coordinates, the matrix Uij can be written
Uij = an1 s + bnsx + cnsy + idnsz, (S5)
where si are Pauli matrices for phonon ‘spin’, with the
upper (lower) components giving the amplitude of the
right (left) circular polarization.
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2S2. DYNAMICAL MATRIX WITH THIRD
NEAREST NEIGHBOR INTERACTIONS
The basis vectors for the Bravais lattice are given by
e1 =
1
2
xˆ +
√
3
2
yˆ , e2 = −1
2
xˆ +
√
3
2
yˆ, (S6)
and are shown in Fig. 1 together with their reciprocal
lattice vectors gi, which satisfy gi · ej = 2piδij . Sites on
the A(B) sublattice are at positions R+ δA(B), where R
denotes a lattice translation and
δA =
1
3
e1 +
1
3
e2 , δB =
2
3
e1 +
2
3
e2. (S7)
Then each atom is specified by a composite label
i ≡ (a,R) that gives the unit cell R and the sublattice
a = A,B. The dynamical matrix is obtained as the
Fourier transform of the matrix of force constants
Dab(k) =
∑
R
Ua,0;b,R e
ik·R. (S8)
Note that the vector indices (x, y) or (ξ, ξ¯) are implicit.
The dynamical matrix acts on 4-component vectors
v(k)t = (ξA(k), ξ¯A(k), ξB(k), ξ¯B(k)) (S9)
and can be expressed in terms of Kronecker products
of Pauli matrices σi for the two sublattices, and si for
phonon ‘spin’. The result, up to third nearest neighbor
interactions is given by
D(k) =− 3(a1 + 2a2 + a3)1 4 + a1
[(
1 + 2 cos
kx
2
cos
√
3
2
ky
)
σx ⊗ 1 s − 2
(
cos
kx
2
sin
√
3
2
ky
)
σy ⊗ 1 s
]
+ b1
[(
1− cos kx
2
cos
√
3
2
ky
)
σx ⊗ sx +
(
cos
kx
2
sin
√
3
2
ky
)
σy ⊗ sx
−
√
3
(
sin
kx
2
cos
√
3
2
ky
)
σy ⊗ sy −
√
3
(
sin
kx
2
sin
√
3
2
ky
)
σx ⊗ sy
]
+ a2
(
2 cos kx + 4 cos
kx
2
cos
√
3
2
ky
)
1 4 + d2
(
4 sin
kx
2
cos
√
3
2
ky − 2 sin kx
)
σz ⊗ sz
+ b2
[
2
(
cos kx − cos kx
2
cos
√
3
2
ky
)
1 σ ⊗ sx + 2
√
3
(
sin
kx
2
sin
√
3
2
ky
)
1 σ ⊗ sy
]
+ a3
[(
2 cos kx + cos
√
3ky
)
σx ⊗ 1 s − (sin
√
3ky)σy ⊗ 1 s
]
+ b3
[(
− cos kx + cos
√
3ky
)
σx ⊗ sx − (sin
√
3ky)σy ⊗ sx +
√
3(sin kx)σy ⊗ sy
]
. (S10)
If we set b1 = b2 = b3 = 0, the dynamical matrix be-
comes diagonal in ‘spin’ space, i.e., right and left-handed
modes decouple form each other. In that case, the edge
modes discussed in the main text are helical modes and
the gaps in their spectrum disappear. As the bi bulk
couplings are allowed by all the symmetries in the sys-
tem, this is a sign of fragile topology. In the gapless limit
bi = 0, acoustic and optical edge modes have opposite
helicities: if the acoustic right moving edge modes have
right circular polarization, then then optical right mov-
ing edge modes have left circular polarization and vice
versa.
It is interesting to note that, if we neglect third near-
est neighbor interactions, the dynamical matrix (S10) is
closely related to the Kane-Mele hamiltonian3 for spin-
ful pz orbitals in graphene, with the two phonon cir-
cular polarizations playing, to some extent, the role of
electron spin. In fact, comparing (S10) with the Kane-
Mele hamiltonian shows that the terms proportional to
a1 have the structure of the Dirac hamiltonian, while the
term with d2 coincides with the Haldane spin-orbit cou-
pling in the Kane-Mele model. On the other hand, the
functions of (kx, ky) in the terms proportional to b1 are
identical to the ones appearing in the Rashba spin-orbit
coupling in the Kane-Mele model, although the matrix
structures are different. Actually, writing the couplings
in real space shows that the Rashba term in the Kane-
Mele model differs from the b1-term just by a factor of the
imaginary unit i. That both terms manage to be time-
reversal invariant reflects the fact that electron spin-1/2
3and phonon spin-1 transform differently under time re-
versal. Another consequence of the different transforma-
tion properties of electron and phonon spin, this time un-
der space symmetries, is that the Rashba coupling breaks
reflection symmetry by the horizontal mirror plane, while
the b1-term does not. Finally, one last manisfestation of
the differences between spin-1/2 and spin-1 systems is
the absence of Kramers degeneracy in the phonon spec-
trum, where we find four different frequencies at the time-
reversal symmetric M -point, instead of the two doubly
degenerate energies of the electron spectrum.
We mentioned in the main text that in-plane displace-
ments transform according to the vector representation,
just like (px, py) orbitals do. As a consequence, the dy-
namical matrix for in-plane modes has to be closely re-
lated to the hamiltonian for spinless (px, py)-orbitals in
graphene. This is actually the case, as the model in
Ref. 4 coincides with the dynamical matrix (S10) if we
take (a1, b1) ∼ (tσ ± tpi), d2 ∼ x, where (tσ, tpi, x) are the
couplings in Ref. 4, and set all the other couplings and
the on-site term in (S10) to zero.
S3. PHASE DIAGRAM FOR THE PLANAR
HONEYCOMB
The dynamical matrix can be diagonalized analytically
at the three high symmetry points in the BZ, and irreps
can be assigned to the corresponding eigenmodes. The
result may be written as
ω2(k, Da) = ω
2(k) + δω2(k, Da), (S11)
where Da denotes an irrep of the little group Gk, ω
2(k) is
common to all the bands at the k-point and δω2(k, Da)
is specific to each irrep. We obtain
ω2(Γ) = 0
ω2(K) = −3(a1 + 3a2 + a3)
ω2(M) = −3a1 − 8a2 − 3a3, (S12)
while δω2(k, Da) is given in Table S2, where the last col-
umn shows the C2z-eigenvalues of the normal modes at
the C2z-invariant points Γ and M .
As mentioned in the main text, in order to be in a
nontrivial phase ω(K3) should be higher or lower than
ω(K1) and ω(K2). A look at the frequencies in Table S2
shows that this implies
2
√
3|d2| > |b1 + b3|, (S13)
which is Eq. (1) in the main text. A second necessary
condition in order to have two disconnected sets of bands
is that ω(M1) and ω(M2) are both higher or lower than
ω(M3) and ω(M4). This is equivalent to
|2b1 + 4b2|+ |2b1 − 4b2| < 2|a1 − 3a3|. (S14)
Irrep d δω2 C2z
Γ5 2 −6(a1 + a3) +1
Γ6 2 0 −1
K1 1 3
√
3d2 + 3(b1 + b3) -
K2 1 3
√
3d2 − 3(b1 + b3) -
K3 2 −3
√
3d2 -
M1 1 a1 − 3a3 + 2b1 − 4b2 +1
M2 1 a1 − 3a3 − 2b1 + 4b2 +1
M3 1 −a1 + 3a3 − 2b1 − 4b2 −1
M4 1 −a1 + 3a3 + 2b1 + 4b2 −1
TABLE S2. δω2(k, Da) for the little group irreps. d is the
dimension of the irrep. The last column indicates the C2z-
eigenvalues of the normal modes.
For |b1| > 2|b2| this reduces to 2|b1| < |a1−3a3| while, for
|b1| < 2|b2|, Eq. (S14) is equivalent to 4|b2| < |a1 − 3a3|.
The two cases can be combined into
|a1 − 3a3| > Max{2|b1|, 4|b2|}, (S15)
which is Eq. (2) in the Main Text. Assuming that
Eqs. (S13,S15) are satisfied, Table S4 identifies the non-
trivial topological phases.
Phase Conditions
Ia d2 < 0 a1 < 3a3
Ib d2 > 0 a1 < 3a3
IIa d2 < 0 a1 > 3a3
IIb d2 > 0 a1 > 3a3
TABLE S3. Topologically nontrivial phases.
A minimal model that describes qualitatively the topo-
logically nontrivial phases with WL winding number one
(Ia and Ib) can be obtained by keeping only the set of pa-
rameters (a1, b1, d2), with |a1| > 2|b1| and 2
√
3|d2| > |b1|,
with a1 negative for stability. Phases IIa and IIb can
be obtained by keeping also a3, with |a1 − 3a3| > 2|b1|
and 3a3 < a1. Note that this last condition requires
3|a3| > |a1|, which is probably unrealistic for a material
crystal, but may be attainable for mechanical systems or
metamaterials5.
A. Locating graphene on the phase diagram
Here we will try to place graphene on the phase dia-
gram for the in-plane phonon system of the planar honey-
comb. To this end, we will fit the DFT phonon spectrum
reported in Ref. 6 to the the one obtained from the third-
nearest neighbor dynamical matrix (S10).
Table S4 compares the phonon frequencies at the high
symmetry points computed by DFT in Ref. 6 with the
ones obtained by diagonalizing the third-nearest neighbor
dynamical matrix (S10) for the following set of parame-
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<latexit sha1_base64="Mz4ebByNk1DmmUY0NBf FQBQFfe4=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK 5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIU dlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5K flTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaU YYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5WSre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanA HdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBf FQBQFfe4=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK 5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIU dlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5K flTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaU YYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5WSre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanA HdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBf FQBQFfe4=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK 5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIU dlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5K flTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaU YYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5WSre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanA HdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBf FQBQFfe4=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK 5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIU dlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5K flTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaU YYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5WSre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanA HdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vm/aKaQ==</latexit>
 
<latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXbo JFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01 uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMi MPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXbo JFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01 uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMi MPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXbo JFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01 uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMi MPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXbo JFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01 uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMi MPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+AUEKjI0=</latexit>
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 
<latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr 6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMiMPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+ AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr 6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMiMPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+ AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr 6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMiMPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+ AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXboJFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr 6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMiMPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+ AUEKjI0=</latexit>
M
<latexit sha1_base64="Mz4ebByNk1DmmUY0NBfFQBQFfe4=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8 YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR 475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5W Sre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBfFQBQFfe4=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8 YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR 475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5W Sre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBfFQBQFfe4=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8 YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR 475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5W Sre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBfFQBQFfe4=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8 YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR 475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5W Sre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vm/aKaQ==</latexit>K
<latexit sha1_base64="QMKnr+HwAyEPL9CpOvb7/OYNzeg=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8 YguAozIugyIILgJgHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR 475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5W Sre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vmPqKZw==</latexit><latexit sha1_base64="QMKnr+HwAyEPL9CpOvb7/OYNzeg=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8 YguAozIugyIILgJgHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR 475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5W Sre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vmPqKZw==</latexit><latexit sha1_base64="QMKnr+HwAyEPL9CpOvb7/OYNzeg=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8 YguAozIugyIILgJgHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR 475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5W Sre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vmPqKZw==</latexit><latexit sha1_base64="QMKnr+HwAyEPL9CpOvb7/OYNzeg=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8 YguAozIugyIILgJgHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyxSZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR 475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5W Sre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8OS/O60+04OR/juGPnI9vmPqKZw==</latexit>
 
<latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXbo JFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01 uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMi MPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXbo JFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01 uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMi MPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXbo JFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01 uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMi MPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+AUEKjI0=</latexit><latexit sha1_base64="UEAb6c4259blZ4oMe+SBRl/sndg=">AAAB53icbZDNSsNAFIVv6l+tf1WXbo JFcFUSEXRZENFlBfsDbSg309t27EwSZiZCCX0GXYm68318Ad/Gac1CW8/qm3vOwD03TATXxvO+nMLK6tr6RnGztLW9s7tX3j9o6jhVjBosFrFqh6hJ8IgahhtB7UQRylBQKxxfzfzWIynN4+jeTBIKJA4jPuAMjR01 uzcoJfbKFa/qzeUug59DBXLVe+XPbj9mqaTIMIFad3wvMUGGynAmaFrqppoSZGMcUsdihJJ0kM23nbong1i5ZkTu/P07m6HUeiJDm5FoRnrRmw3/8zqpGVwGGY+S1FDEbMR6g1S4JnZnpd0+V8SMmFhAprjd0mUjVMi MPU3J1vcXyy5D86zqe1X/7rxSu84PUYQjOIZT8OECanALdWgAgwd4hjd4d7jz5Lw4rz/RgpP/OYQ/cj6+AUEKjI0=</latexit>
FIG. S1. In-plane phonon spectrum for graphene, obtained
by diagonalization of the third-nearest neighbor dynamical
matrix. Left: Phonon bands for the values of the parameters
that give the best fit to the DFT bands. Right: Phonon bands
after increasing d2 by 70%, while decreasing b1 and b3 in the
same proportion.
DFT 3NN
ω(Γ5) 192 192
ω(K1) 122 124
ω(K2) 161 163
ω(K3) 149 151
ω(M1) 163 161
ω(M2) 171 169
ω(M3) 77 72
ω(M4) 165 163
TABLE S4. Phonon energies in meV at the high symmetry
points.
ters, in units of (meV )2
a1 = −6.03 · 103 b2 = 1.16 · 103
a2 = −0.387 · 103 b3 = 1.12 · 103
a3 = −0.114 · 103 d2 = −0.171 · 103
b1 = −2.99 · 103.
(S16)
The parameters have been obtained by using the explicit
formulae in Table S2 to fit the in-plane bands in Fig. 2
of Ref. 6 at the high symmetry points. As these are
not labeled by irreps, some trial and error is necessary
before the fit can be completed. The goal is to get the
best possible agreement at the high symmetry points,
while maintaining the overall qualitative features of the
spectrum. As shown in Table S4, the energies at the
high symmetry points agree within a few percent, and
the spectrum in Fig. S1 (left) closely resembles the one
in Ref. 6.
All the in-plane bands in graphene are interconnected
and the spectrum is topologically trivial. But now that
we have parametrized the spectrum as in (S16), we can
try to see how far graphene is from becoming topological.
Plugging (S16) into (S13) yields
2
√
3|d2| ' 0.31|b1 + b3|, (S17)
while for (S15) the result is
|a1 − 3a3| ' 0.95 · 2|b1|
|a1 − 3a3| ' 1.22 · 4|b2|. (S18)
Thus we see that, although inequality (S15) is on the
verge of being satisfied, we are further from satisfy-
ing (S13), although the couplings are at least the correct
order of magnitude.
How much do we need to vary the parameters to get
into a topologically non-trivial phase? Assume that we
increase the strength of d2 in the same proportion that we
decrease b1 and b3, i.e., we take d2 → (1 +x)d2, together
with b1 → (1 − x)b1 and b3 → (1 − x)b3. Then we see
that the required inequalities are satisfied for x & .52. In
other words, graphene can enter a topologically nontrivial
phonon phase if some couplings are changed by about
50%. Fig. S1(right) shows the in-plane phonon spectrum
for x = 0.7. As the frequency of ω(K3) is greater than
ω(K1) and ω(K2), we are in Phase Ia. Note that phases
IIa and IIb are clearly out of reach, as they would require
increasing the strength of a3 by a factor of twenty, from
|a3| ' 0.11 · 103 to more than |a1|/3 = 2 · 103.
S4. WILSON LOOP WINDING
A. C2z-eigenvalues and WL winding
We mentioned in the main text that the winding of the
WLs can be understood in terms of the C2z-eigenvalues
of the normal modes at the two C2z-invariant points Γ
and M . Here we fill in the details of the argument follow-
ing the ideas in Ref. 7 and taking into account that, for
the in-plane modes of the honeycomb lattice, C2z plays
the role of inversion symmetry. The g1-directed WL is
defined in the main text by
W (k2) ≡ Pei
∫ 2pi
0
dk1A1(k1,k2), (S19)
For fixed k2, this formula can be interpreted as the WL
for a 1-dimensional system with reciprocal primitive cell
k1 ∈ [0, 2pi] along g1. Then, for values of k2 such that the
1-dimensional system is C2z-invariant, i.e., for k2 = 0, pi,
the number N(−1) of −1 eigenvalues of the WL is given
by Eq. (1) in Ref. 7, namely
N(−1) = |n(−)(0)− n(−)(pi)|, (S20)
where n(±)(0) and n(±)(pi) are the numbers of normal
modes with C2z eigenvalue equal to ±1 at k1 = 0 and
k1 = pi respectively. Similarly, the number of complex
conjugate pairs of eigenvalues (λ, λ∗) of the WL is given
by7
ns = Min{n(±)(0), n(±)(pi)}. (S21)
Now, as Fig. S2 shows, for k2 = 0 the 1-dimensional
WL goes through Γ and M ′′, and we have
N(−1)(k2 = 0) = |n(−)(Γ)− n(−)(M ′′)|. (S22)
5This is equal to 2 for phases Ia and Ib, where we have
two modes with C2z-eigenvalues η at Γ and −η at M ,
and to 0 for phases IIa and IIb, where the eigenvalues
are equal to η at Γ and M . Note that M ′′ and M are
related by a unitary C3z-rotation that does not change
the C2z spectrum. On the other hand, by Eq. (S21) the
number of complex conjugate pairs of eigenvalues (λ, λ∗)
of the WL is zero in all cases. As the WL eigenvalues are
equal to e2piix1(k2), where x1(k2) is the hybrid Wannier
function center along e1, this implies x1(Γ) = 1/2 for
phases Ia and Ib and x1(Γ) = 0 for phases IIa and IIb.
This is exactly what is observed in Fig. 2 of the main
text.
For k2 = pi the 1-dimensional WL goes through M and
M ′, and we have
N(−1)(k2 = pi) = |n(−)(M)− n(−)(M ′)| = 0, (S23)
irrespective of the topological phase. As above, Eq. (S21)
implies that the number of complex conjugate pairs of
eigenvalues (λ, λ∗) of the WL is zero in all cases. Thus
x1(M) = 0 for all the topological phases, in agreement
with Fig. 2. For phases IIa and IIb the hybrid Wannier
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<latexit sha1_base64="y53EuN0i4/R5 CsQ8dYhkddP7Duw=">AAAB7XicbVDJSgNBFHwTtxi3qEcvjUHwFGaCW24BETxGMAtk htDTeZM06Vno7hHCkM/Qk6g3f8Yf8G/siQmosU7VVdVQ9fxEcKVt+9MqrKyurW8UN0 tb2zu7e+X9g7aKU8mwxWIRy65PFQoeYUtzLbCbSKShL7Djj69zv/OAUvE4uteTBL2QD iMecEa1kVw3pHrkB9mwX5v2yxW7as9AcnJev6gTZ6EsSAXmaPbLH+4gZmmIkWaCKtV z7ER7GZWaM4HTkpsqTCgb0yH2DI1oiMrLZp2n5CSIJdEjJLP3z2xGQ6UmoW8yeTv118 vF/7xeqoMrL+NRkmqMmIkYL0gF0THJp5MBl8i0mBhCmeSmJWEjKinT5kAlM39p7DJp 16qOXXXuziqNm/khinAEx3AKDlxCA26hCS1gkMATvMKbFVuP1rP18h0tWPM/h/AL1v sXGBaPZg==</latexit><latexit sha1_base64="y53EuN0i4/R5 CsQ8dYhkddP7Duw=">AAAB7XicbVDJSgNBFHwTtxi3qEcvjUHwFGaCW24BETxGMAtk htDTeZM06Vno7hHCkM/Qk6g3f8Yf8G/siQmosU7VVdVQ9fxEcKVt+9MqrKyurW8UN0 tb2zu7e+X9g7aKU8mwxWIRy65PFQoeYUtzLbCbSKShL7Djj69zv/OAUvE4uteTBL2QD iMecEa1kVw3pHrkB9mwX5v2yxW7as9AcnJev6gTZ6EsSAXmaPbLH+4gZmmIkWaCKtV z7ER7GZWaM4HTkpsqTCgb0yH2DI1oiMrLZp2n5CSIJdEjJLP3z2xGQ6UmoW8yeTv118 vF/7xeqoMrL+NRkmqMmIkYL0gF0THJp5MBl8i0mBhCmeSmJWEjKinT5kAlM39p7DJp 16qOXXXuziqNm/khinAEx3AKDlxCA26hCS1gkMATvMKbFVuP1rP18h0tWPM/h/AL1v sXGBaPZg==</latexit><latexit sha1_base64="y53EuN0i4/R5 CsQ8dYhkddP7Duw=">AAAB7XicbVDJSgNBFHwTtxi3qEcvjUHwFGaCW24BETxGMAtk htDTeZM06Vno7hHCkM/Qk6g3f8Yf8G/siQmosU7VVdVQ9fxEcKVt+9MqrKyurW8UN0 tb2zu7e+X9g7aKU8mwxWIRy65PFQoeYUtzLbCbSKShL7Djj69zv/OAUvE4uteTBL2QD iMecEa1kVw3pHrkB9mwX5v2yxW7as9AcnJev6gTZ6EsSAXmaPbLH+4gZmmIkWaCKtV z7ER7GZWaM4HTkpsqTCgb0yH2DI1oiMrLZp2n5CSIJdEjJLP3z2xGQ6UmoW8yeTv118 vF/7xeqoMrL+NRkmqMmIkYL0gF0THJp5MBl8i0mBhCmeSmJWEjKinT5kAlM39p7DJp 16qOXXXuziqNm/khinAEx3AKDlxCA26hCS1gkMATvMKbFVuP1rP18h0tWPM/h/AL1v sXGBaPZg==</latexit><latexit sha1_base64="y53EuN0i4/R5 CsQ8dYhkddP7Duw=">AAAB7XicbVDJSgNBFHwTtxi3qEcvjUHwFGaCW24BETxGMAtk htDTeZM06Vno7hHCkM/Qk6g3f8Yf8G/siQmosU7VVdVQ9fxEcKVt+9MqrKyurW8UN0 tb2zu7e+X9g7aKU8mwxWIRy65PFQoeYUtzLbCbSKShL7Djj69zv/OAUvE4uteTBL2QD iMecEa1kVw3pHrkB9mwX5v2yxW7as9AcnJev6gTZ6EsSAXmaPbLH+4gZmmIkWaCKtV z7ER7GZWaM4HTkpsqTCgb0yH2DI1oiMrLZp2n5CSIJdEjJLP3z2xGQ6UmoW8yeTv118 vF/7xeqoMrL+NRkmqMmIkYL0gF0THJp5MBl8i0mBhCmeSmJWEjKinT5kAlM39p7DJp 16qOXXXuziqNm/khinAEx3AKDlxCA26hCS1gkMATvMKbFVuP1rP18h0tWPM/h/AL1v sXGBaPZg==</latexit>
 
<latexit sha1_base64="PFegQAZqz/00 iWbbY2bB1hdQ0qs=">AAAB6HicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiyIKLLCvYH 2lAm05t27EwSZiZCCX0HXYm683l8Ad/GSc1CW8/qm3vOwD03SATXxnW/nNLK6tr6Rn mzsrW9s7tX3T9o6zhVDFssFrHqBlSj4BG2DDcCu4lCKgOBnWBylfudR1Sax9G9mSboS zqKeMgZNXbU6d9QKWllUK25dXcusgxeATUo1BxUP/vDmKUSI8ME1brnuYnxM6oMZwJ nlX6qMaFsQkfYsxhRidrP5uvOyEkYK2LGSObv39mMSq2nMrAZSc1YL3r58D+vl5rw0s 94lKQGI2Yj1gtTQUxM8tZkyBUyI6YWKFPcbknYmCrKjL1NXt9bLLsM7bO659a9u/Na 47o4RBmO4BhOwYMLaMAtNKEFDCbwDG/w7jw4T86L8/oTLTnFn0P4I+fjG3cdjKE=</ latexit><latexit sha1_base64="PFegQAZqz/00 iWbbY2bB1hdQ0qs=">AAAB6HicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiyIKLLCvYH 2lAm05t27EwSZiZCCX0HXYm683l8Ad/GSc1CW8/qm3vOwD03SATXxnW/nNLK6tr6Rn mzsrW9s7tX3T9o6zhVDFssFrHqBlSj4BG2DDcCu4lCKgOBnWBylfudR1Sax9G9mSboS zqKeMgZNXbU6d9QKWllUK25dXcusgxeATUo1BxUP/vDmKUSI8ME1brnuYnxM6oMZwJ nlX6qMaFsQkfYsxhRidrP5uvOyEkYK2LGSObv39mMSq2nMrAZSc1YL3r58D+vl5rw0s 94lKQGI2Yj1gtTQUxM8tZkyBUyI6YWKFPcbknYmCrKjL1NXt9bLLsM7bO659a9u/Na 47o4RBmO4BhOwYMLaMAtNKEFDCbwDG/w7jw4T86L8/oTLTnFn0P4I+fjG3cdjKE=</ latexit><latexit sha1_base64="PFegQAZqz/00 iWbbY2bB1hdQ0qs=">AAAB6HicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiyIKLLCvYH 2lAm05t27EwSZiZCCX0HXYm683l8Ad/GSc1CW8/qm3vOwD03SATXxnW/nNLK6tr6Rn mzsrW9s7tX3T9o6zhVDFssFrHqBlSj4BG2DDcCu4lCKgOBnWBylfudR1Sax9G9mSboS zqKeMgZNXbU6d9QKWllUK25dXcusgxeATUo1BxUP/vDmKUSI8ME1brnuYnxM6oMZwJ nlX6qMaFsQkfYsxhRidrP5uvOyEkYK2LGSObv39mMSq2nMrAZSc1YL3r58D+vl5rw0s 94lKQGI2Yj1gtTQUxM8tZkyBUyI6YWKFPcbknYmCrKjL1NXt9bLLsM7bO659a9u/Na 47o4RBmO4BhOwYMLaMAtNKEFDCbwDG/w7jw4T86L8/oTLTnFn0P4I+fjG3cdjKE=</ latexit><latexit sha1_base64="PFegQAZqz/00 iWbbY2bB1hdQ0qs=">AAAB6HicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiyIKLLCvYH 2lAm05t27EwSZiZCCX0HXYm683l8Ad/GSc1CW8/qm3vOwD03SATXxnW/nNLK6tr6Rn mzsrW9s7tX3T9o6zhVDFssFrHqBlSj4BG2DDcCu4lCKgOBnWBylfudR1Sax9G9mSboS zqKeMgZNXbU6d9QKWllUK25dXcusgxeATUo1BxUP/vDmKUSI8ME1brnuYnxM6oMZwJ nlX6qMaFsQkfYsxhRidrP5uvOyEkYK2LGSObv39mMSq2nMrAZSc1YL3r58D+vl5rw0s 94lKQGI2Yj1gtTQUxM8tZkyBUyI6YWKFPcbknYmCrKjL1NXt9bLLsM7bO659a9u/Na 47o4RBmO4BhOwYMLaMAtNKEFDCbwDG/w7jw4T86L8/oTLTnFn0P4I+fjG3cdjKE=</ latexit>
M
<latexit sha1_base64="Mz4ebByNk1DmmUY0NBfFQBQFfe4=">AAAB4nicbZDLSgN BEEVr4ivGV9Slm8YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyx SZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f 2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5WSre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8O S/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBfFQBQFfe4=">AAAB4nicbZDLSgN BEEVr4ivGV9Slm8YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyx SZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f 2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5WSre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8O S/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBfFQBQFfe4=">AAAB4nicbZDLSgN BEEVr4ivGV9Slm8YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyx SZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f 2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5WSre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8O S/O60+04OR/juGPnI9vm/aKaQ==</latexit><latexit sha1_base64="Mz4ebByNk1DmmUY0NBfFQBQFfe4=">AAAB4nicbZDLSgN BEEVr4ivGV9Slm8YguAozIugyIIIbIQHzgGQIPZ2apEnPg+4aIYT8gK5E3flJ/oB/YyfOQhPv6nTd21C3glRJQ6775RTW1jc2t4rbpZ3dvf2D8uFRyySZFtgUiUp0J+AGlYyx SZIUdlKNPAoUtoPxzdxvP6I2MokfaJKiH/FhLEMpONlR475frrhVdyG2Cl4OFchV75c/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uFp2xszDRjEbIFu/f 2SmPjJlEgc1EnEZm2ZsP//O6GYXX/lTGaUYYCxuxXpgpRgmb92UDqVGQmljgQku7JRMjrrkge5WSre8tl12F1kXVc6te47JSu80PUYQTOIVz8OAKanAHdWiCAIRneIN3Z+A8O S/O60+04OR/juGPnI9vm/aKaQ==</latexit>
K
<latexit sha1_base64="A//Fj8B7wjAo o07snuoxQ8UihLw=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy4ELBTQLm AckQejo1SZOeB901Qgj5AV2JuvOT/AH/xk6chSbe1em6t6FuBamShlz3yymsrW9sbh W3Szu7e/sH5cOjlkkyLbApEpXoTsANKhljkyQp7KQaeRQobAfjm7nffkRtZBI/0CRFP +LDWIZScLKjxn2/XHGr7kJsFbwcKpCr3i9/9gaJyCKMSShuTNdzU/KnXJMUCmelXmY w5WLMh9i1GPMIjT9dLDpjZ2GiGY2QLd6/s1MeGTOJApuJOI3Msjcf/ud1Mwqv/amM04 wwFjZivTBTjBI278sGUqMgNbHAhZZ2SyZGXHNB9iolW99bLrsKrYuq51a9xmWldpsf oggncArn4MEV1OAO6tAEAQjP8AbvzsB5cl6c159owcn/HMMfOR/fmZSKaQ==</late xit><latexit sha1_base64="A//Fj8B7wjAo o07snuoxQ8UihLw=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy4ELBTQLm AckQejo1SZOeB901Qgj5AV2JuvOT/AH/xk6chSbe1em6t6FuBamShlz3yymsrW9sbh W3Szu7e/sH5cOjlkkyLbApEpXoTsANKhljkyQp7KQaeRQobAfjm7nffkRtZBI/0CRFP +LDWIZScLKjxn2/XHGr7kJsFbwcKpCr3i9/9gaJyCKMSShuTNdzU/KnXJMUCmelXmY w5WLMh9i1GPMIjT9dLDpjZ2GiGY2QLd6/s1MeGTOJApuJOI3Msjcf/ud1Mwqv/amM04 wwFjZivTBTjBI278sGUqMgNbHAhZZ2SyZGXHNB9iolW99bLrsKrYuq51a9xmWldpsf oggncArn4MEV1OAO6tAEAQjP8AbvzsB5cl6c159owcn/HMMfOR/fmZSKaQ==</late xit><latexit sha1_base64="A//Fj8B7wjAo o07snuoxQ8UihLw=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy4ELBTQLm AckQejo1SZOeB901Qgj5AV2JuvOT/AH/xk6chSbe1em6t6FuBamShlz3yymsrW9sbh W3Szu7e/sH5cOjlkkyLbApEpXoTsANKhljkyQp7KQaeRQobAfjm7nffkRtZBI/0CRFP +LDWIZScLKjxn2/XHGr7kJsFbwcKpCr3i9/9gaJyCKMSShuTNdzU/KnXJMUCmelXmY w5WLMh9i1GPMIjT9dLDpjZ2GiGY2QLd6/s1MeGTOJApuJOI3Msjcf/ud1Mwqv/amM04 wwFjZivTBTjBI278sGUqMgNbHAhZZ2SyZGXHNB9iolW99bLrsKrYuq51a9xmWldpsf oggncArn4MEV1OAO6tAEAQjP8AbvzsB5cl6c159owcn/HMMfOR/fmZSKaQ==</late xit><latexit sha1_base64="A//Fj8B7wjAo o07snuoxQ8UihLw=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy4ELBTQLm AckQejo1SZOeB901Qgj5AV2JuvOT/AH/xk6chSbe1em6t6FuBamShlz3yymsrW9sbh W3Szu7e/sH5cOjlkkyLbApEpXoTsANKhljkyQp7KQaeRQobAfjm7nffkRtZBI/0CRFP +LDWIZScLKjxn2/XHGr7kJsFbwcKpCr3i9/9gaJyCKMSShuTNdzU/KnXJMUCmelXmY w5WLMh9i1GPMIjT9dLDpjZ2GiGY2QLd6/s1MeGTOJApuJOI3Msjcf/ud1Mwqv/amM04 wwFjZivTBTjBI278sGUqMgNbHAhZZ2SyZGXHNB9iolW99bLrsKrYuq51a9xmWldpsf oggncArn4MEV1OAO6tAEAQjP8AbvzsB5cl6c159owcn/HMMfOR/fmZSKaQ==</late xit>
M 0<latexit sha1_base64="4klqjGSiXWcOUDDANJHzLhdwE8s=">AAAB43icbZDLSgN BEEVrfMb4irp00xhEV2FGBF0GRHAjRDEPSELo6dQkTXoedNcIYcgX6ErUnX/kD/g3duIsNPGuTte9DXXLT5Q05LpfztLyyuraemGjuLm1vbNb2ttvmDjVAusiVrFu+dygkhHW SZLCVqKRh77Cpj+6mvrNR9RGxtEDjRPshnwQyUAKTnZ0f3vSK5XdijsTWwQvhzLkqvVKn51+LNIQIxKKG9P23IS6GdckhcJJsZMaTLgY8QG2LUY8RNPNZptO2HEQa0ZDZLP3 72zGQ2PGoW8zIaehmfemw/+8dkrBZTeTUZISRsJGrBekilHMpoVZX2oUpMYWuNDSbsnEkGsuyJ6laOt782UXoXFW8dyKd3derl7nhyjAIRzBKXhwAVW4gRrUQUAAz/AG7w46T 86L8/oTXXLyPwfwR87HN/tTipo=</latexit><latexit sha1_base64="4klqjGSiXWcOUDDANJHzLhdwE8s=">AAAB43icbZDLSgN BEEVrfMb4irp00xhEV2FGBF0GRHAjRDEPSELo6dQkTXoedNcIYcgX6ErUnX/kD/g3duIsNPGuTte9DXXLT5Q05LpfztLyyuraemGjuLm1vbNb2ttvmDjVAusiVrFu+dygkhHW SZLCVqKRh77Cpj+6mvrNR9RGxtEDjRPshnwQyUAKTnZ0f3vSK5XdijsTWwQvhzLkqvVKn51+LNIQIxKKG9P23IS6GdckhcJJsZMaTLgY8QG2LUY8RNPNZptO2HEQa0ZDZLP3 72zGQ2PGoW8zIaehmfemw/+8dkrBZTeTUZISRsJGrBekilHMpoVZX2oUpMYWuNDSbsnEkGsuyJ6laOt782UXoXFW8dyKd3derl7nhyjAIRzBKXhwAVW4gRrUQUAAz/AG7w46T 86L8/oTXXLyPwfwR87HN/tTipo=</latexit><latexit sha1_base64="4klqjGSiXWcOUDDANJHzLhdwE8s=">AAAB43icbZDLSgN BEEVrfMb4irp00xhEV2FGBF0GRHAjRDEPSELo6dQkTXoedNcIYcgX6ErUnX/kD/g3duIsNPGuTte9DXXLT5Q05LpfztLyyuraemGjuLm1vbNb2ttvmDjVAusiVrFu+dygkhHW SZLCVqKRh77Cpj+6mvrNR9RGxtEDjRPshnwQyUAKTnZ0f3vSK5XdijsTWwQvhzLkqvVKn51+LNIQIxKKG9P23IS6GdckhcJJsZMaTLgY8QG2LUY8RNPNZptO2HEQa0ZDZLP3 72zGQ2PGoW8zIaehmfemw/+8dkrBZTeTUZISRsJGrBekilHMpoVZX2oUpMYWuNDSbsnEkGsuyJ6laOt782UXoXFW8dyKd3derl7nhyjAIRzBKXhwAVW4gRrUQUAAz/AG7w46T 86L8/oTXXLyPwfwR87HN/tTipo=</latexit><latexit sha1_base64="4klqjGSiXWcOUDDANJHzLhdwE8s=">AAAB43icbZDLSgN BEEVrfMb4irp00xhEV2FGBF0GRHAjRDEPSELo6dQkTXoedNcIYcgX6ErUnX/kD/g3duIsNPGuTte9DXXLT5Q05LpfztLyyuraemGjuLm1vbNb2ttvmDjVAusiVrFu+dygkhHW SZLCVqKRh77Cpj+6mvrNR9RGxtEDjRPshnwQyUAKTnZ0f3vSK5XdijsTWwQvhzLkqvVKn51+LNIQIxKKG9P23IS6GdckhcJJsZMaTLgY8QG2LUY8RNPNZptO2HEQa0ZDZLP3 72zGQ2PGoW8zIaehmfemw/+8dkrBZTeTUZISRsJGrBekilHMpoVZX2oUpMYWuNDSbsnEkGsuyJ6laOt782UXoXFW8dyKd3derl7nhyjAIRzBKXhwAVW4gRrUQUAAz/AG7w46T 86L8/oTXXLyPwfwR87HN/tTipo=</latexit>
M 00<latexit sha1_base64="2F3rEjLCQLnl/MFAifpCKnkU8A0=">AAAB5HicbZDLSgM xFIZP6q3WW9Wlm2CRuiozIuiyIIIboaK9QDuUTHqmDc1cSDJCGfoGuhJ15xP5Ar6NaZ2Ftv6rL+f/A+c/fiKFNo7zRQorq2vrG8XN0tb2zu5eef+gpeNUcWzyWMaq4zONUkTY NMJI7CQKWehLbPvjq5nffkSlRRw9mEmCXsiGkQgEZ8aO7m+r1X654tScuegyuDlUIFejX/7sDWKehhgZLpnWXddJjJcxZQSXOC31Uo0J42M2xK7FiIWovWy+6pSeBLGiZoR0 /v6dzVio9ST0bSZkZqQXvdnwP6+bmuDSy0SUpAYjbiPWC1JJTUxnjelAKORGTiwwroTdkvIRU4wbe5eSre8ull2G1lnNdWru3Xmlfp0foghHcAyn4MIF1OEGGtAEDkN4hjd4J wF5Ii/k9SdaIPmfQ/gj8vENWuiKyw==</latexit><latexit sha1_base64="2F3rEjLCQLnl/MFAifpCKnkU8A0=">AAAB5HicbZDLSgM xFIZP6q3WW9Wlm2CRuiozIuiyIIIboaK9QDuUTHqmDc1cSDJCGfoGuhJ15xP5Ar6NaZ2Ftv6rL+f/A+c/fiKFNo7zRQorq2vrG8XN0tb2zu5eef+gpeNUcWzyWMaq4zONUkTY NMJI7CQKWehLbPvjq5nffkSlRRw9mEmCXsiGkQgEZ8aO7m+r1X654tScuegyuDlUIFejX/7sDWKehhgZLpnWXddJjJcxZQSXOC31Uo0J42M2xK7FiIWovWy+6pSeBLGiZoR0 /v6dzVio9ST0bSZkZqQXvdnwP6+bmuDSy0SUpAYjbiPWC1JJTUxnjelAKORGTiwwroTdkvIRU4wbe5eSre8ull2G1lnNdWru3Xmlfp0foghHcAyn4MIF1OEGGtAEDkN4hjd4J wF5Ii/k9SdaIPmfQ/gj8vENWuiKyw==</latexit><latexit sha1_base64="2F3rEjLCQLnl/MFAifpCKnkU8A0=">AAAB5HicbZDLSgM xFIZP6q3WW9Wlm2CRuiozIuiyIIIboaK9QDuUTHqmDc1cSDJCGfoGuhJ15xP5Ar6NaZ2Ftv6rL+f/A+c/fiKFNo7zRQorq2vrG8XN0tb2zu5eef+gpeNUcWzyWMaq4zONUkTY NMJI7CQKWehLbPvjq5nffkSlRRw9mEmCXsiGkQgEZ8aO7m+r1X654tScuegyuDlUIFejX/7sDWKehhgZLpnWXddJjJcxZQSXOC31Uo0J42M2xK7FiIWovWy+6pSeBLGiZoR0 /v6dzVio9ST0bSZkZqQXvdnwP6+bmuDSy0SUpAYjbiPWC1JJTUxnjelAKORGTiwwroTdkvIRU4wbe5eSre8ull2G1lnNdWru3Xmlfp0foghHcAyn4MIF1OEGGtAEDkN4hjd4J wF5Ii/k9SdaIPmfQ/gj8vENWuiKyw==</latexit><latexit sha1_base64="2F3rEjLCQLnl/MFAifpCKnkU8A0=">AAAB5HicbZDLSgM xFIZP6q3WW9Wlm2CRuiozIuiyIIIboaK9QDuUTHqmDc1cSDJCGfoGuhJ15xP5Ar6NaZ2Ftv6rL+f/A+c/fiKFNo7zRQorq2vrG8XN0tb2zu5eef+gpeNUcWzyWMaq4zONUkTY NMJI7CQKWehLbPvjq5nffkSlRRw9mEmCXsiGkQgEZ8aO7m+r1X654tScuegyuDlUIFejX/7sDWKehhgZLpnWXddJjJcxZQSXOC31Uo0J42M2xK7FiIWovWy+6pSeBLGiZoR0 /v6dzVio9ST0bSZkZqQXvdnwP6+bmuDSy0SUpAYjbiPWC1JJTUxnjelAKORGTiwwroTdkvIRU4wbe5eSre8ull2G1lnNdWru3Xmlfp0foghHcAyn4MIF1OEGGtAEDkN4hjd4J wF5Ii/k9SdaIPmfQ/gj8vENWuiKyw==</latexit>
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FIG. S2. 1-dimensional Wilson loops for k2 = 0 (red full
line) and k2 = pi (red dashed line). The green dashed con-
tour is used in subsection S4 C to extract the consequences of
C3z-invariance.
functions sit at the same point for k2 = 0 and k2 = pi, and
we could have non-winding WLs. This is obviously im-
possible for phases Ia and Ib, where the WLs necessarily
must wind.
B. Crossings at generic points protected by C2zT
Having the same hybrid Wannier centers at k2 = 0
and k2 = pi is compatible with non-winding WLs, but
also with even winding number. For phases IIa and IIb
we find the the WLs have winding number two for all the
disconnected branches. As shown in Fig. 2, this involves
crossings at generic values of k2, and we might worry
at their stability against small perturbations. Here we
present for phonons the analog of the arguments given in
Refs. 8–10 for the stability of generic crossings for elec-
trons11.
The combined operation C2zT leaves (k1, k2) invariant,
and the WL loop must satisfy the constraint
C2zTW (k2)(C2zT )−1 = W (k2). (S24)
Writing the unitary operatorW (k2) in terms of the ‘Wan-
nier hamiltonian’ HW
W (k2) = e
iHW (k2), (S25)
the constraint becomes
C2zT HW (k2)(C2zT )−1 = −HW (k2), (S26)
where the extra minus sign is due to the fact that C2zT
is an antiunitary operation
C2zT = UK, (S27)
where U is a unitary matrix and K denotes complex con-
jugation. In order to determine the form of the matrix
U , we note that for generic k2 the WL is invariant un-
der the magnetic group 2′ that has only two elements,
2′ = {E,C2zT }, where E is the identity operation. Now,
according to Ref. 12, the only single-valued irreducible
corepresentation for the group 2′ is 1-dimensional, with
the unitary matrix for C2zT given by D(C2zT ) = ±1.
The two signs give unitarily equivalent corepresentations,
and we may take the + sign without loss of generality. As
we are considering two-band WLs, these must transform
as the 2-dimensional corepresentation obtained by taking
two copies of the 1-dimensional irreducible corepresenta-
tion. This means that U = 1 2 and Eq. (S26) reduces
to
KHW (k2)K = HW (k2)∗ = −HW (k2). (S28)
Writing HW as a linear combination of Pauli matrices
HW (k2) = a0(k2)1 2 + ax(k2)σx + ay(k2)σy + az(k2)σz,
(S29)
we see that the constraint (S28) implies
HW (k2) = a(k2)σz. (S30)
Had we taken two copies of the 1-dimensional irreducible
representation with different signs for D(C2z), the con-
straint would read
σzHW (k2)
∗σz = −HW (k2), (S31)
with solution
HW (k2) = a(k2)σx, (S32)
that is related to (S30) by a unitary transformation.
In any case, due the periodicity of the Wannier hamil-
tonian eigenvalues, there will be a crossing whenever
a(k2) = npi, and this may happen for generic values of k2.
6As we can not add another Pauli matrix, small perturba-
tions will merely shift the position of the crossings, but
will not be able to remove them. Note that a(k2) = npi
corresponds to x1(k2) = n/2, i.e., the protected crossings
will take place for x1 = 0, 1/2. Thus the generic cross-
ings at x1 = 1/2 in Fig 2 are protected by C2zT and the
winding of the WL is the winding of the function a(k2).
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FIG. S3. Phonon bands (left) and Wannier centers for the
acoustic bands (right). Top: a1 = −1, a3 = −0.15, d2 = 0.2,
a2 = b1 = b2 = b3 = 0 (Phase Ib). Bottom: a1 = −1,
a3 = −0.5, d2 = 0.2, a2 = b1 = b2 = b3 = 0 (Phase IIb)
C. The role of C3z-invariance
As shown in Refs. 8–10, in order to extract the con-
sequences of C3z-invariance on WL winding, one has to
choose the paths of integration with some care. In this
subsection we apply to our system the results in Ref. 8,
to which we refer the reader for a detailed presentation.
There it is shown that the WL for a single isolated band
along the green dashed path in Fig. S2 is given by
eiγ = ξΓ2 ξ
K
3 (ξ
M
2 ξ
Γ
3 )
−1, (S33)
where ξkn is the Cnz-eigenvalue of the normal mode at the
high symmetry point k. As the loop encloses one sixth
of the BZ, one can use the symmetries of the system8 to
show that the total WL winding number for the single
isolated band is given by
w = 6γ/2pi = 3γ/pi. (S34)
It is important to note that, in order to obtain this
result, one has to use other symmetries of the system
besides C3z. In their absence, as emphasized in Ref. 9,
C3z-invariance alone may not be enough to guarantee
the existence of nontrivial windings for a particular WL,
even though nontrivial windings will show up in other,
appropriately chosen WLs.
In order to apply Eq. (S33) to our system, where we
have isolated pairs of bands, we turn off all the bi cou-
plings. As mentioned in Section S2, this effectively de-
couples the right- and left-polarized sectors, and we end
up with two 2-band systems with identical frequency
spectra. This is shown in Fig. S3, which should be com-
pared with Fig. 2 in the main text. Note, in particular,
that setting b1 = 0 does not change the WL winding
numbers. That is to be expected, as we can vary the
values of the bi couplings adiabatically without closing
the global gap that separates the acoustic and optical
branches. This means that we can use Eq. (S33) to com-
pute the winding for the isolated bands in the decoupled
left and right-polarized systems, knowing that the results
are valid also for bi 6= 0. See Ref. 8 for a thorough dis-
cussion of this point and further examples with spinful
electrons.
As the dynamical matrix can be diagonalized analyti-
cally at the three high symmetry points, it is straightfor-
ward to compute the required Cnz-eigenvalues. We find
that the WL for phases Ia and Ib is given by
eiγ = e±
ipi
3 , (S35)
which implies γ = ±pi/3 + 2pin, where n ∈ Z. By
Eq. (S34), this translates into
wI = 6n± 1. (S36)
The windings in Fig. S3 (top) are obtained by setting
n = 0. Similarly, the result for phases IIa and IIb is
eiγ = e±
i2pi
3 , (S37)
which implies γ = ±2pi/3 + 2pin, yielding
wII = 6n± 2, (S38)
where the windings in Fig. S3 (bottom) are again ob-
tained by setting n = 0. Combining (S36) and (S38)
gives w = 3n± 1, which is the result quoted in the main
text. Thus zero winding number is incompatible with
C3z-invariance and any isolated branch, acoustic or opti-
cal, must be topologically nontrivial.
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